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Standard sequences: Lyndon, 1954

Let C, be the set of all sequences ¢ of length », and define S, to be the
subset of those “standard” ¢ that have the property of preceding lexico-
graphically all of their own proper terminal segments ¢ii1 - * - €a, 1 <EZm.

"algorithmics" is a standard sequence.

"mathematics" is not a standard sequence.
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Regular words: Shirshov, 1953

MNonanre6pbl CBOOOAHBIX JIMEBBIX ajare6p

A. U. Ulupwos (Mocksa)

Onpepneaenune 1. CroBa mauHH 1, T. €. CaMH 3J€MEHTH MHOXECTBA
R, HagoBeM MPABHJABHBIMH CJOOBAMH H NPOHUSBOJBHO YHOPALOYHUM.
Cuuras, YTO NpaBUAbHBIE CJIOB3, MJHHBI KOTOPHIX MEHbIIE 1, n>1, yxe
ONpeNeseHbl ¥ YNOPSAOYEHBl NPH IOMOIIM OTHOIIEHHS < Tak, YTO CJIOBa
MEHBUIEH MJIHHBI NPEALECTBYIOT CN0BaM OGoJbIIeH AMMHEL, Ha30BEM CJIOBO
W JNJIAHB 7 IPAaBUJbHBIM IPH BHIIOJHEHHH YCJIOBHI:

1) w=uv, rae u, v — OpPaBUJbHbEIE CJOBa H U > U,
2) eClu U = Uylly, TO Uy V. .
OnpenesenHble TaKUM 06pa3oM NpPaBHJIbHBEIE CJI0OBA IJIUHHL 7 IPOU3BOJLHO

YOopAaAOYHM M NOJOXKHUM, YTO OHH 6oJble NPaBWIbHBIX CJIOB MEHBIIEH
JAJIWHBL. '
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Regular words: Shirshov, 1953

Subalgebras of Free Lie Algebras

A 1. Shirshov

Definition 1. We will call words of length 1, i.e., elements of R, reqular words, and
we will order them arbitrarily. Assuming that regular words of length less than
n, n > 1, are already defined and ordered by the relation < in such a way that
shorter words precede longer words, we call a word w of length n regular if the
following conditions are satisfied:

1) w = uv where u and v are regular words and u > v;

2) if u = ujug then ug < wv.
We will order arbitrarily the regular words of length n defined in this way, and
declare that they are greater than shorter words.
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Lyndon words

Let w be a Lyndon word (not reduced to a single letter):
@ w is strictly lexicographically smaller than all its proper suffixes
@ w is the smallest element of its conjugacy class

o let v be the longest proper suffix of w that is a Lyndon word, then
w = uv where u is also a Lyndon word and u <, v: it is called the
"standard factorization” or "right standard factorization”

@ similarly, let u’ be the longest proper prefix of w that is a Lyndon
word, then w = u’v’ where v’ is also a Lyndon word and u’ <, v’:
it is called the "left standard factorization”
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Lyndon words: a 2D point of view
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Lyndon words: a 2D point of view

irrational slope = sturmian word
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Lyndon words: a 2D point of view

rational slope £ = Christoffel word
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Lyndon words: a 2D point of view

rational slope £ with x and y co-prime = Lyndon word

Greatest Lyndon word of length x + y (8,5)
with x a's and y b's
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Lyndon words: a 2D point of view

closest point = standard factorization

standard factorization
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Lyndon words: a 2D point of view

more distant point = palindromic factorization

standard factorization

palindromic factorization
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Lyndon words: a 2D point of view

standard factorization
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Lyndon words: a 2D point of view

Let's break the slope!

standard factorization
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Lyndon words: a 2D point of view
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Lyndon words: a 2D point of view
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Lyndon words: a 2D point of view

aabaababaabab

aabaabab aabab

N

aab  aabab
(8,5)
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Lyndon words: a 2D point of view
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a ab b
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Lyndon words: a 2D point of view
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Lyndon words: a 2D point of view
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Lyndon words: a 2D point of view
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Lyndon words: a 2D point of view
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Lyndon words: a 2D point of view
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Lyndon words: a 2D point of view
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Lyndon words: a 2D point of view

aabaababaabab
aabaabab aabab
aab aabab aab ab
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Lyndon words: a 2D point of view

aababbabb is a Lyndon word but. ..

free points
closest point

standard factorization
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Lyndon tree and left Lyndon tree

aababbabb

N

aababbab b aababbabb

N T T

aababb ab a ababbabb
//////\\\\\\
aabab b ;/\E ababb abb
N VAN
aab ab ab abb ab b
/\ ANANWA
a ab a b a b ab b a b
a b 4/\B
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The Chen-Fox-Lyndon Theorem

In 1958, Chen, Fox and Lyndon established that any word w can be
uniquely factored in a non increasing sequence of Lyndon words:

w =abbabbabbab
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The Chen-Fox-Lyndon Theorem

In 1958, Chen, Fox and Lyndon established that any word w can be
uniquely factored in a non increasing sequence of Lyndon words:

w —abbabbabbab

abb
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The Chen-Fox-Lyndon Theorem

In 1958, Chen, Fox and Lyndon established that any word w can be
uniquely factored in a non increasing sequence of Lyndon words:

w —abblabbabbab

abb Zuxlabb
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The Chen-Fox-Lyndon Theorem

In 1958, Chen, Fox and Lyndon established that any word w can be
uniquely factored in a non increasing sequence of Lyndon words:

w —abblabblabbab

abb ZLEX abb ZLEX abb
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The Chen-Fox-Lyndon Theorem

In 1958, Chen, Fox and Lyndon established that any word w can be
uniquely factored in a non increasing sequence of Lyndon words:

w —abblabblabblab

abb ZLEX abb ZLEX abb ZLEX ab
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Booth (1980)

0
10 o1
a R
gab\ bbz
s'b /,3‘33
7\b a bb4
6 5

Finds the least circular substring (based on Knuth-Morris-Pratt algorithm,
1977).
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Factorization into Lyndon words [Duval,83]

w =bbabbabababaabaaa

Let w; and w; be two letters at positions i < j:
Case 1: w; = w; then next current factor has a border
Case 2: w; <, w; then next current factor is a Lyndon word
Case 3: w; >, w; then current factor can be factored
into Lyndon word(s) (according to its period)
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Factorization into Lyndon words [Duval,83]

current factor
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Let w; and w; be two letters at positions i < j:
— Case 1: w;j = w; then next current factor has a border
Case 2: w; <, w; then next current factor is a Lyndon word
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into Lyndon word(s) (according to its period)
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Factorization into Lyndon words [Duval,83]

w = blblabblablablablaablalala

Factorization is performed:
@ online
@ in linear time

@ with constant extra space (3 integers)
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But. ..

...where do the Lyndon words come from?
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Lothaire, 1982

M. LOTHAIRE

Combinatorics

on Words
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The origin of " Lyndon words”

ALGORITIME DE
FACTORISATION D'UN MOT

EN MOTS DE LYNDON

3., DUVAL +

Résuné : Nous Etablissons une caractérisation des facteurs
d'un mot de Lyndon, 3 partir de laquelle nous dégageons les propriécés im-
portantes des factorisations, qui servent de base 2 la détermination d'un
algorithne de factorisation en mots de Lyndon. Le mot & factoriser est lu de
gauche 2 droite, et le colt d'exécution de 1'algorithme est linéaire en la
longueur du mot.

‘TNTRODUCTION

Les mots de Lyndon dérivent du calcul dans les algibres de
Libres et forment une factorisation compldte du monolde Tibre (Cf. [cn.] [seh
Iis peuvent Gtce utilisés dans divers probléses de cosbinstoires.

e D).

L'algorithme que nous présentons pour effectver la factorisation,
procide & une lecture du ot de gauche & droite et factorise au fur et 3 me-
sure , aprds détermination de la plus petite translation, (ou période) du
facteur résiduel; il utilise dans une premidre approche 1'algorithae de

¢ prace. (ct. (], [or] )

Laboratoire d'informatique - Faculté des Sciences - Universitd de ROVEN - |
B.P. 67 = 76130 MONT SATNT ATGNAN
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)
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Suffix permutation — Lyndon factorization

L1

| |
1 2 3 456 7
w-—bb

9101112131415]£
abHaHaMaMaaHdﬂa
sp(W) = 1614815137126115103 4 9 2 1 0

=] = = E DA
Arnaud Lefebvre The DNDEX Project



Factorization — suffix permutation [Mantaci et al,2013]

N N S S

01 2 3 4 5 9 10 11 12 13 14 15 16

W= b\b\abb\ab\ab\ab\aab\a\a\a
Sp(W) — 1614 81513 7126115103 4 9 2 10

Given the Lyndon factorization of a word, the relative order of two suffixes
inside one of these factors is the same as their relative order in the whole
word.
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Burrows-Wheeler Transform Scottified [Scott,2007]

01 2 3 45 6 7 8 9 1011121314 1516
w =bbabbabababaabaaa

o =3 = £ DA
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Burrows-Wheeler Transform Scottified [Scott,2007]

0 1 2 3 45 6 7 8 9 1011121314 1516
w = blblabblablablabl

bla a blalala

o =3 = £ DA
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Burrows-Wheeler Transform Scottified [Scott,2007]

8 9 1011 12 13 14 15 16

01 2 3 45 6
w o= b\b\abb\ab\ bla bla a blalala

abb

ab
ab

ab
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Burrows-Wheeler Transform Scottified [Scott,2007]

0 1 2 4 5 9 10 11 12 13 14 15 16
w :b\b\a blab \ \ab\aab\a\a\
b b
b
abb
ab

ab  conjugates

_—

ab
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Burrows-Wheeler Transform Scottified [Scott,2007]

4 5 6 7 10 11 12 13 14 15 16

W o= b\b\abb\a bla b\a bla ablalala
b b
b b
abb
abb bab
bba

ba
ab  conjugates 2 b

-2 T ba

ab ab
ba

aab

a

a

a
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Burrows-Wheeler Transform Scottified [Scott,2007]
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Burrows-Wheeler Transform Scottified [Scott,2007]

4 5 6 7 8

10 11 12 13 14 15 16

w = b\b\a b bla bla b\a bla ablalala

b b

b b
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abb bab
bba

ab ab
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conjugates

ab ab
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Burrows-Wheeler Transform Scottified [Scott,2007]

01 2 3
w = blblab
b b
b b
abb
abb bab
bba
ab ab
ba
ab  conjugates ab sort
"2 . ba -
ab ab
ba
aab
aab aba
baa
a a
a a
a a

4 5 6 7 8 9
blablabla
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a
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aab
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Burrows-Wheeler Transform Scottified [Scott,2007]

01 2 3 45 6 7 8 9 1011121314 1516

w = blblabblablablablaablalala
0 a a o
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8 a b 13
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Burrows-Wheeler Transform Scottified [Scott,2007]
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Burrows-Wheeler Transform Scottified [Scott,2007]

4 5 6 7 8 9 101112 13 14 15 16

w = b\b\a b blablablablaablalala

0 4a¢«———————— a
1 a+«——— a
2 a a
3 a b
4 a a
5 a b
6 a b
7 a b
8 a b
9 b a
10 b a
11 b a
12 b a
13 b b
14 b a
15 b b
16 b b
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Burrows-Wheeler Transform Scottified [Scott,2007]
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Burrows-Wheeler Transform Scottified [Scott,2007]
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Lyndon words generation [Duval,1988|

Lyndon words of length up to 4:

o =3 = £ DA
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de Bruijn word of order n

A de Bruijn word of order n is a circular word containing exactly one
occurrence of all possible words of length n.
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de Bruijn word of order n [Fredricksen et al,1978]

Arnaud Lefebvre The DNDEX Project 14 December 2023 22/25
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de Bruijn word of order n [Fredricksen et al,1978]

a
aaab
aab b a/a
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abb ? ‘
abbb P Il
b a a/f
b a/
a b b
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de Bruijn word of order n [Fredricksen et al,1978]
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de Bruijn word of order n [Fredricksen et al,1978]

a
aaab
aab b 2 / a
aabb b a
ab b a
abb ? ‘
abbb P Il
b a a/f
N a
a / b b//
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de Bruijn word of order n [Fredricksen et al,1978]

a
aaab
aab \b\a/a
aabb b a
ab b a
abb ? ‘
abbb P Il
b a %°
o a
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Back to the origins. ..

Duval, 1978 Mantaci et al, 2013
Booth, 1980 today
Lyndon, 1954 Duval, 1988
DPNDEX
[
Chen et al, 1958 Bannai et al, 2017
Shirshov, 1953 Duval, 1983 Franek et al, 2016

Fredericksen et al, 1978
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Conclusion

What | didn't talk about

how Lyndon words can be useful for proving theorems

Lyndon arrays

°
@ Lyndon border arrays and Lyndon suffix arrays
@ Lyndon words as convex envelops

°

certainly many other things
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Conclusion

Re "Lyndon words”, | very much hope that they will some day be
commonly known (also?) as "prime strings”, because they are so
fundamentally important.

D. E. Knuth, Oct. 2023
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